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1. Some Tactics and Laws for the CADIZ
Theorem-prover

section setlaws parents setdefs, corelaws

This section contains general-purpose tactics, and laws, with (some of) their
proofs, on the assumption that the definitions of setdefs.z are present.

Written by Sam Valentine.
Last updated September 1999.

The following tactics are supplied as part of the CADIZ system. They are intended
to serve two purposes: a) to be directly useful in proof work; b) to be used as
models when users develop their own tactics.

The current version of this library should be regarded as very provisional, since
both the rules of inference and the tactic language are still in the course of
development.

The proof system manipulates sequents. Each sequent used in a proof becomes



a goal of the proof process, so in this document the words ”goal” and ”sequent”
will be used interchangably. Tactics can take several sorts of argument. In this
document we proceed "top-down”, considering first those tactics which operate
on goals, then those which operate on predicates, then those which operate on
expressions, and finally those for schema texts and declarations.

The tactics given below are those which "blow” a predicate, one or more expres-
sions, a schema text, a series of declarations, etc. They make frequent recursive
calls on themselves and on each other. Their design aim is to apply all simplifica-
tions which one would always want, except perhaps in very special circumstances,
but to do nothing else. They are intended never to fail, but may cause ”Nothing
changed” to be reported.

"blowPred” takes a single predicate argument, which may appear anywhere and
be of any form. The main section of the tactic has a matcher which fans out
into some eleven different cases, corresponding to the sort of predicate supplied.
For each of these any applicable immediate simplifications are sought, usually
after a recursive call to simplify the constituent elements. Finally, ”resolution”
and ”linear decision” are tried, using the result of the previous simplifications.
"blowPred” always succeeds. If it achieves nothing, the report ”Nothing changed”
is given.



blowPredpredp | recrepeat o
matchp
exprq,r | q=1
“apply tactic” q “blowExpr”; “apply tactic” r “blowExpr”;
I( “absorption” p V
matchp ::
| (Cexprs) = (Lexprs) o
“expansion” p; repeat ::
| | _decls |y = (| _decls |) o

“expansion” p; repeat ::

| peskip:.):
exprq, T | g ET ®
matchr ::

| (- &-) ol “expansion” r \V skip) ::
| (- # ) o!( “expansion” r V skip) ::
| id _expr o!( “expansion” r V skip) ::
| r o skip . ;
“apply tactic” q “blowExpr”; “apply tactic” r “blowFExpr”;
I( “absorption” p; repeat NV “expansion” p; repeat NV skip) ::
stxtdec; predprred
| Adec o prred o
| V dec o prred o
“apply tactic” dec “blowStat”;
“apply tactic” prred “blowPred”;
I( “absorption” p; repeat NV “one-point” p; repeat \V skip) ::
strtdec; predprred | 3, dec o prred o
“apply tactic” dec “blowStat”;
“apply tactic” prred “blowPred”;
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"blowExpr” is the expression counterpart of ”blowPred”. It takes a single ex-
pression argument, which may appear anywhere and be of any form. The main
section of the tactic has a matcher which fans out into over twenty different cases,
corresponding to the sort of expression supplied. For each of these any applicable
immediate simplifications are sought, usually after a recursive call to simplify the
constituent elements. ”blowExpr” always succeeds. If it achieves nothing, the
report ”Nothing changed” is given.



blowEzprexprt | recrepeat ® matcht ::
| 0_expr o “expansion” t ::
exprp | p.1 e
|p2e
“apply tactic” p “blowExpr”; |( “absorption” t V skip) ::
exprses | (es) ® “apply tactic” es “blowEzprs” ::
declsds | (| ds ) e “apply tactic” ds “blowConstDecls” ::
expre | P e o “apply tactic” e “blowExpr” :
eTprp, 4 | p X q e
“apply tactic” p “blowFxpr”; “apply tactic” q “blowFExpr” ::
predp; exprq,r | if pthen gelser o
“apply tactic” p “blowPred”;
( “absorption” t; repeat V
“apply tactic” q “blowExpr”; “apply tactic” r “blowFExpr”;
( “absorption” t \V skip)) ::
stats; expret | {s e ct} e
| Asecte
“apply tactic” s “blowStxt”;
“apply tactic” ct “blowEzrpr”;
I( “absorption” t V “one-point” t; repeat \/ skip) ::
stats; expret | s o ct e
|lets e cte
“apply tactic” s “blowStxzt”;
“apply tactic” ct “blowEzrpr”;
I( “absorption” t; repeat V' “one-point” t; repeat \ skip) ::
exprfun, args | fun args e
matchfun ::

| (L) o!( “expansion” fun V skip) :
| g 2V e Ly T\ L.




blowEzprsexprsts | matchts :: expre; exprses | e, es o
“apply tactic” e “blowEzpr”;
“apply tactic” es “blowExprs” ::| ts e skip :: .

blowStxtstats |
matchs
:: declsds | ds | _pred
“apply tactic” ds s “blowDecls”;
matchs :: predbarpart2 | _decls | barpart2 e
“apply tactic” barpart2 “blowPred”




blowDeclsdeclsds; stxts |
matchds
i decld; declsds2 | d; ds2 e
matchd
o expre | _name : e ®
“apply tactic” e “blowEzpr”
; matche
::| {_stzt ® _expr} o “normalization” d
2| {_exprs} e “normalization” d

2| e o skip
i expre | —name == e ® “apply tactic” e “blowFEzrpr”
expre | e o

“apply tactic” e “blowEzpr”;

I( “distribution” d v skip)
matchds

i decldd; declsdds2 | dd; dds2 e

“apply tactic” dds2 s “blowDecls”

::|® skip



blowConstDeclsdeclsds |

matchds
_I i expre; declsds2 | _name == e; ds2 e
“apply tactic” e “blowEzpr”; “apply tactic” ds2 “blowConstDecls”
R Jo sk
. O
neqCommutes ==

(X]F? Vz,y: X |z#yeyF#ux

inNull ==

(X]F? Ve : Xez g o
subDef ==

(X]F? VS, T:PXeSCT&SePT
subSelf ==

[X]F? VS :PXeSCS



psubSelf ==

[X]F? VS :PX e~ (SCS)
subsetSymEq ==

[X]F? VS, T:PXeSCTATCS=S=T
L7 ==

[(X]F? VS, T:PX e~ (SCTATCS)
L8 ==

[(X]F? VS, T, V:PX|SCTATCVeSCV
L9 ==

(X]F? VS, T, V:PX|SCTATCVeSCV
L10 ==

[(X]F? VS :PXeaCS
L11 ==

[(X]F? VS :PXeg CS&S+#0
L12 ==

YIF? VS:PYeP S=05=0



L13 ==

[Y]F? VS :PYeS#@ &SP, S

L14 ==
[X]F? VS:PXeSUS=SU@=SNS=85c0=5\0=23
L15 ==
(XIF? VS PXeSN@=565=5\5=0\5=0
L16 ==
[(X]F? VS, T:PXeSUT=TUS
L17 ==

[(X]F? VS, T:PXeSNT=TNS
symdiffCommutes ==

[X]F? VS, T:PXeScT=T6S
L18 ==

[X]F? VS, T,V:PX e SU(TUV)=(SUT)UV



L19 ==
(X]F? VS, T,V :PXeSN(TNV)=(SNT)NV
symmdiffAssoc ==

[X]F? VS, T,V:PXeSe(ToV)=(SeT)oV

L20 ==

(X]F? VS, T, V:PXeSU(TNV)=(SUT)N(SUV)
L21 ==

(X]F? VS, T, V:PXeSN(TUV)=(SNT)U(SNV)
int ThruSymdiff ==

(X]F? VS, T, V:PXeSN(TeV)=(SNT)s(SNV)
setsubThruSymdiff ==

(X]F? VS, T, V:PXe(SeT)\V=(S\V)e(T\V)
L24 ==

(X]F? VS, T,V :PXeS\(T\V)=(S\T)U(SNV)
L25 ==

(X]F? VS, T,V :PX e (S\T)\V=25\(TUV)



(X]F? VS, T,V:PX e SU(T\ V)= (SUT)\(V\S)

[(X]F? VS, T, V:PXeSN(T\V)=(SNT)\V
L28 ==

[(X]F? VS, T, V:PXe(SUT)\V=(S\V)U(T\V)
L29 ==

(X]E? VS, T,V :PXeS\(TNV)=(S\T)U(S\ V)
subsetUnion ==

(X]F? VS, T:PXeSCT&SUT=T
subsetInt ==

(X]F? VS, T:PXeSCT&SNT=S
subsetSetminus ==

(X]F? VS, T:PXeSCT=S\T=0
powersetInt ==

[X]F? VS, T:PX eP(SNT)=PSNPT



? VS T -PXeSCSUT

» VS, T:PXeTCSUT

PV, T,W:PX|SCWATC WeSUTCW

'VS, T PXeSNTCS

’ VS, T :PXeSNTCT

(VS T, W:PX|WCSAWCTeWCSNT

PVS, T:PXeS\TCS

PVS, T:PXe(S\T)NT =0



L30 ==

[X]F? VA, B:P(PX)e (AU B) = (UA)U(UB)
L31 ==

[X]F? VA, B:P(PX) e ((AUB) = (NA4)N(NB)
L32 ==

(X]F? U X]|o =92
133 ==

(X]F? N[X]o = X
L34 ==

[(X]F? VA:P(PX); S:PXeSN(JA) =U{T:4e5NT}
L35 ==

[X]F? VA:P(PX); S:PX e SU(NA) ={T:A4eSUT}



[X]F? VA:

cupBigcup ==

[X]F? VA:

capBigcap ==

[X]F? VA:

bigcupCup ==

[X]F? VA:

bigcapCap ==

[X]F? VA :

L38 ==

[X]F? VA

PPX); S:PXe(JA\S=U{T:AeT\S}

PPX);, S:PXeS\(NA)=U{T:AeS5\ T}

P,PX; S:PXeSU(UA)=U{T:AeSUT}

P,(PX); S:PXeSN(NA)=({T:AeS5NT}

PPX; S:PXe(UAUS=U{T:4eTUS}

P (PX); S:PXe(NANS=({T:AeTnNS}

P(PX); S:PXeS\(JA)=N{T:4e8\T}



L39 ==
(X]F? VAP, (PX): S:PXe(NA\S={T:A4eT\S}
L40 ==
[X]F? VA, B:P(PX)|ACBe|JAC B
41 ==
[X]F? VA,B:P(PX)|ACBeNBCNA

L46 ==
[X]F? VA:P(PX)eVS:AeSCUA

L47 ==
[X]F? VA:P(PX); W:PX|(VS:AeSC W)eJAC W

L51 ==
[X]F? VA:P(PX)eVS:Ae(NACS

L52 ==
[X]F? VA:P(PX); W:PX|(VS:Ae WC S)e WCNA



olddef ==
[X]F? F, X =({A:P(PX)|Vz:Xo{s} € AAVa:AeaU{z}e A}
finiteNonEmptySets] ==
[X]F? VS :PX eF,S=FS\ {2}

finiteNonEmptySets2 ==

(X]F? VS:PX eFS=F SUu{a}
auxfinitelntersection ==

[X]F? VS :PX e FS=FXNPS
finiteIntersection ==

[X]F? VS, T:PX eF(SNT)=FSNPT

3. Proof by induction

Mathematical induction provides a method of proving properties of all members
of finite sets. The induction principles are formulated as follows.



simpleFiniteSetInduction ==

(X]F? VP :PPX | @€ PAVS:P,z:XeSU{z}cPeFXCP

simpleNonemptyFiniteSetInduction ==

[X]F? VP :PPX |Vz: X e{z} € PAVS:PeSU{z}c PeF, X CP

cumulativeFiniteSetInduction ==

[X]F? VP :PPX |VS:PX|VT:PS|T#SeTcPeScPeFXCP

cumulativeNonemptyFiniteSetInduction ==

[X]F? VP:PPX |VS:PX|VT:P,S|T#SeTcPeScPeF, XCP

4. Relations

L42 ==

(X, Y]F? Vp: X x Y e (first p,second p) =p



L56 ==

(X, Y] F?
L57 ==

(X, Y] R?
L58 ==

(X, Y] F?
L59 ==

(X, Y] H?
L60 ==

(X, Y] R?
L6l ==

(X, Y] F?
L62 ==

[X, Y] F?

V:X; R: X— YezrcdomR< (Jy: Yer—yeR)

Vy:Y; R: X—YeycranR< (3z: X ez — y€R)

VS, T:X < Yedom(SUT)= (domS)U (dom T)

VS, T:X < Yeran(SUT)= (ranS)U (ran T')

VS, T:X < Yedom(SNT)C (domS)N (dom T)

VS, T: X < Yeran(SNT)C (ranS)N (ran T)

dom|X,Y|o =0



L63 ==

(X, Y]E? ran[X, Y]|o =@

L64 ==
[(X]F? Vz,2': X; s:PXezx—i' cidseor=1" Nz €s

L65 ==

(X, Y, Z|F? V2 X; 2: Z; R: XY, S: Y Ze
t—z€ER3Se Ty:Yexr—yeRANy—2€S)

L66 ==
(W, X, Y, Z|JF?VR:W o X; S: XV, T:Y o ZeR3(S3T)=(R3S)s
L67 ==
[X,Y]F? VR:X < YeidXsR=R
L68 ==
[X,Y]F? VR: X < Y e RgidY =R
L69 ==
(X]F? VYV, W :PX eidVgid W =id(VN W)



right ComposeThruUnion ==

[X,Y,Z|F? YR, S : X - YV; T:Y < Ze(RUS)sT=(R3T)U(S3T)

leftComposeThruUnion ==

[X,Y,Z]F?VR: X & Y; $,T:Y < ZeRg(SUT)=(RsS)U(R3T)

L7l ==

(X, Y|F? VR: X o V; S:PXeS<R=idSsR=(SxY)NR
L72 ==

[X,Y]F?VR: X & Y; T:PYeR>T=R3idT=RN(XxT)
L73 ==

(X, Y]F?VR: X < Y; S:PX e dom(S<R)=S5nN(dom R)
L74 ==

(X, Y|F? VR X < Y, T:PYeran(R>T)=(ranR)NT
L75 ==

(X, Y|F? VR: X < Y; S:PXeS<RCR



L76 ==

X, Y] F?
L77 ==

X, Y] F?
L78 ==

X, Y] F?
L79 ==

X, Y] F?

L80 ==

X, Y]
L8l ==

X, Y]
182 ==

(X, Y] F?

VR:

VR:

VR:

VR:

VR:

VR:

VR:

T:-PYeR>TCR

S:PX; T:-PYe(S<R)DT=S<(R>T)

S, V:PXeS<(V<IR)=(SNV)<R

T, W:PYe(R>T)>W=Rp> (TNnW)

; S:PXeS<aR=(X\S5) <R

. T:PYeRpT=R>(Y\T)

; S:PXe(S<R)U(S<9R)=R



L83 ==

(X,Y]F? VR: X~ Y; T:PY e (R>T)U(R> T)=R
L77a ==

(X, Y|F? VR: X - V; S:PX; T:PYe(S<9R)bT=S<(ReT)
L77b ==

(X, Y|F? VR: X - V; S:PX; T:PYe(SAR)>T=S<(R>T)
L77c ==

(X, Y|F? VR: X - V; S:PX; T:PYe(S<aR)bT=S<(ReT)

L84 ==

(X, Y|F? Ve X;y:Y; R: X Yey—nzeR" S r—yeER
L85 ==

[X,Y]F? VR: X = Y o (R¥)* =R
186 ==

(X, Y, ZIF?VR: X - Y; S: Y Ze(R3S)"=85"3R™



L87 ==

[V]F? (id V)~ = id V

L88 ==

X, Y] F?
L89 ==

X, Y] F?
LI90 ==

X, Y] F?
LI1 ==

X, Y] F?

L92 ==
(X, Y] R?
L93 ==

(X, Y] F?

VR

VR

VR

VR

Vy

VR

: X < Y edom(RY)=ran R

X < Yeran(R™) =domR

: X < Yeid(domR)C RgR™

X o Yeid(ranR) C R™ 3R

Y R: XV, S:PXeycR(S)eFr: XezeSANx—

XY, S:PXeR(S|)=ran(S<R)



L94 ==

(X, YV, ZIFIVQ: XY, R: Y~ Zedom(QsR)=Q~( domR )

LI95 ==

(X, Y,Z]F?¥Q:X < Y; R:Y & Zeran(Q3R) = R( ran Q |
LI96 ==

X, Y]F?VR: X & Y; S,T:-PXeR(SUT)=R(S)UR(T)
87 ——

[X,Y]F?VR: X & V; S,T:PXeR(SNT)CR(S)NR(|T)
LI98 ==

(X, Y|F? VR: X < Y eR(|domR|) =ranR
L99 ==

(X, Y]|F? VR: X < Y e dom R = first( R |
L100 ==

(X, Y]F? VR: X < Y eran R = second( R |



boundl ==

(X, YF?Vy: YV, R: X< Y; S:PXe
y € upperBound R S < (Vz:S ez — y € R)

boundb ==

(X, Y]F? VR: X <o YV; S, T:PXe
(upperBound R S) U (upperBound R T) C upperBound R (SN T)

bound6 ==

(X, Y|F? VR X < Y; S,T:PXe
(upperBound R S) N (upperBound R T) = upperBound R (SU T)

bound7 ==

(X, Y|F? VR X o YV, AS:PX; T:-PY|ACSe
T \ (upperBound R A) = ((Sx T)\ R)( A)

bound8 ==

(X, Y]F?VR: X - Y; A)S:PX; T:PY e
(SxT)\R)| A) =T\ (upperBound R (SN A))



L198 ==

[I, X F? disjoint @[ x P X]

otherPartition ==

[1, X] 7 (_partition _) =
{§:1<PX; T:PX|
(V:E: Toalp:Sopr.?)/\(Vp;S.vz:p.Q.zE T)}

otherOverride ==

X, Y]F? L®_)=AQ,R: X < Y e
{p: X xY|peRVpeQAN-Ty:Ye(ply) € R}

overrideClosed ==

(X, Y|F?VQ,R: X - YeQ®dReX <Y
L101 ==

[X]F? VR: X > XeR®R=R
L102 ==

(X, Y]|F? VP,QR: X~ YePO(QO®R) = (PO Q)DR



L103 ==
(X,Y]F? VR: X & Y e @ ®R=R® O =R
L104 ==
(X, Y]F?VQ,R: X < Y edom(Q & R) = (dom Q) U (dom R)
L105 ==
(X, YIF? VQ,R: X < Y |dom@QNdomR=e QP R=QUR
L106 ==
(X, Y]F?VV:PX; QR: X > YeVa(Q®R) =(VaQ)®(V<R)
L107 ==

(X, Y]F?VQ,R: X - V; W:PYe(QOR)>WC(Qr> W)®(R> W)

5. Orders

chainExample ==

[(X]F? Va,b,c: X o{{a,b,c},{a,b},{a}} € irreflexiveChain(_ C _)[X]



[X]F? VR: X — X ¢ RC R*

[X]F? VR: X « X e RT§R* C R+

[X]F? VR, Q: X - X|RCQAR3QC QeRTCQ

[X]F? VR: X < X e id X C R*

[X]F? VR: X < X ¢ RC R*

[X]F? VR: X < X e R*3R* = R*

(XIF? VR, Q: X - X |idXCQAR3QC QeR CQ



L117a ==

(X]F? VR: X o X e R*=RtUid X
L117b ==

[X]F? VR: X < X e R*=(RUid X)"
L118a ==

[X]F? VR: X < X e R" = Ry R*
L118b ==

[X]F? VR: X < X e R" =R*3R
L119 ==

[X]F? VR: X < X o (RT)T = R™
L120 ==

[X]F? VR: X < X o (R*)" = R*
doAsClosure ==

(X]F? VR: X < X edo R=R*>domR
doInduction ==

[X]F? VR, Q: X < X | id(X\domR)C QAR3QC QedoRC Q



L121 ==
[X]F? VR: X & X; S:PX eSS CR(S)
L122 ==
[X|F? VR: X < X; S:PXeR(R*(S))CR(S)
L123 ==
[X]F? VR: X & X; S, T:PX|SCTAR(T)CTeR(S)CT

6. Functions

L70 ==

(X, YV, ZIFINVf: Y > Z;g: X > Y;z:Xe(fog)z=f(g9(x))
L108 ==

(X, Y|F? V2 X; f,g: X > Y|z e (domf)\(domg)e(f®glz=fz
L109 ==

(X, YIF? V2 : X; f,g: X —>Y|z€domge (fDglx=gx



L124 ==

(X, Y] F? Vf:

L125 ==

(X, Y]F? VS

L126 ==

(X, V]2 Vf:

L127 ==

(X, V]2 VS

L128 ==

(X, Y] F? Vf:

L129 ==

(X, Y] F? Vf:

L1533 ==

PXxY)efeX Yo fof=id(ranf)

PXxY)efeX+»YeosfeX+»YANffeY X

PXxY)efeX Yo feX->VYANffeY X

P(XxY); S,T:PX|feXYef(SNT)=r(1S)Nf(3

PXxY)efeX »YofeXo>YAfreY X

PXXxY)|feX—+»Yefofv=idY

X, Y]F? X ¥V =(X + Y)NF(X x V)



auxPigeonhole ==

[X]F? VN =={V:PX|VU:PV; R: X< X|RecU-»VeU=V}eFAX
Pigeonhole ==

(X]F? VS, T FX; f: XX |SCTAfeS—»TeS=T
L148 ==

[(X]F? VS :FXeVf:S— Seranf=3S5

7. Relational operations on functions

Fl1 ==

[X]F? VS :PXeidSe X+ X
F2 —=

(X]F? idX € X —» X
F3 ==

(X, Y, Z|IF?Vf: X+ Y, 9g: Y +»ZegofeX 7



F::

(X, YV, ZIFIVf: X —>Y;,9g: Y+ Z|ranf CdomgegofeX —Z

F5 ——

(X, VIF? VS :PX; f: X+ YeSafeX Y
F6 ——

(X, VIR VT:PY; f: X+ YefpTeX+Y
F7 ——

(X, VIF?Vf: XY, 9g: X+»YefdgeX+Y
F8 ——

(X, Y, Z|F?Vf: X V; g: Y s Zogof €X s Z
FQ ——

(X, Y]F? VS :PX; f: X> YoS<f€X o Y
F10 ==

(X, YIF?VT:PY; f: X Yef>TeX—Y



F11 ==

(X, YIF?Vf: X Yef eV X

F12 ==
(X, YIE?Vf: X+ Y, 9g: X+ Y |(domf)<dg=(domg)<fefUge X +
F13 ==

(X, YIF?Vf: X+ Y;9g: X YefngeX»Y
F14 ==

(X, YIF?Vf: X =Y, 9g: X Yefnge XY

F15 ==
(X, YIE?Vf: X+ Y; g:P(XXxY)|gCfegeX Y
F16 ==

(X, YE?Vf: XY, g:P(XXxY)|gCfege XY
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