section sequence_toolkit

/Reference manual/Standard toolkit

1. Sequences

section sequence_toolkit parents function_toolkit, number_toolkit

1.1. Number range

function 20 leftassoc(_ .. _)

’_HJAXA%PA

(ZXxZ)<(-....)€EZXZ—PZ
Vi,j:Zei..j={k:Z|i<k<j}

The number range from 7 to j is the set of all integers greater than or equal to 1,
which are also less than or equal to j.



1.2. Iteration

— X
i[tm]“:Z—>(X<—>X)—>(X<—>X)

Vr: X < Xeiter0r=1idX

Vr:X < X; n:Neiter (n+1) r=rg(iter nr)
Vr:X < X; n:Neiter (-n) r=iter n (r)

iter is the iteration function for a relation. The iteration of a relation r : X < X
for zero times is the identity relation on X. The iteration of a relation r : X < X
for n + 1 times is the composition of the relation with its iteration n times. The
iteration of a relation r : X < X for -n times is the iteration for n times of the
inverse of the relation.

function(_ —)

[X]
!:_ - (X e X)XZ— (X < X)
‘ Vr: X< X;n:Ner " =iternr

iter n r may be written as r”.

1.3. Number of members of a set

function(#_)



[X]
!:#_ZFXHN
‘ Va:FXe#a=(un:N|3f:1..n—aeranf =a))

The number of members of a finite set is the upper limit of the number range
starting at 1 that can be put into bijection with the set.

1.4. Minimum

function(min _)

’ min _:PA - A
‘ PZ<(min_)={a:PZ; m:Z|meaN(¥Vn:aem<n)ear m }

If a set of integers has a member that is less than or equal to all members of that
set, that member is its minimum.

1.5. Maximum

function(maz _)



‘ maxr _: PA + A

’ PZ<(max -)={a:PZ; m:Z|mecaAN(Vn:aen<m)ea—m}

If a set of integers has a member that is greater than or equal to all members of
that set, that member is its maximum.

1.6. Finite sequences
generic(seq )
seq X =={f: N+ X |domf=1..#f}

A finite sequence is a finite indexed set of values of the same type, whose domain
is a contiguous set of positive integers starting at 1.

seq X is the set of all finite sequences of values of X, that is, of finite functions
from the set 1.. n, for some n, to elements of X.

1.7. Non-empty finite sequences
seq, X == seq X \ {2}

seq, X is the set of all non-empty finite sequences of values of X.



1.8. Injective sequences

generic(iseq _)

iseq X == seq X N (N = X)

_l 1seq X is the set of all injective finite sequences of values of X, that is, of finite

sequences over X that are also injections.

1.9. Sequence brackets
function((, ,))
(IX]==As:seq X o5

The brackets ( and ) can be used for enumerated sequences.

1.10. Concatenation

function 30 leftassoc(_ ™ _)



[X]
[:_f\_: seq X x seq X — seq X

‘ Vs, t:seqXoes " t=sU{n:domten++#s—1tn}

Concatenation is a function of a pair of finite sequences of values of the same
type whose result is a sequence that begins with all elements of the first sequence
and continues with all elements of the second sequence.

1.11. Reverse

[X]
!:rev cseq X — seq X
‘ Vs:seq X erev s=An:domses(#s—n+1)

The reverse of a sequence is the sequence obtained by taking its elements in the
opposite order.

1.12. Head of a sequence

[X]
!:head:sequﬁX
‘ Vs:seq, X @ head s = s 1




If s is a non-empty sequence of values, then head s is the value that is first in
the sequence.

1.13. Last of a sequence

[X]
!:last csequ X — X

‘ Vs :seq, X o last s = s(#s)

If s is a non-empty sequence of values, then last s is the value that is last in the
sequence.

1.14. Tail of a sequence

[X]
!:ta,z'l i seq; X — seq X
’ Vs:seq Xotail s=An:1..(#s—1)es(n+1)

If s is a non-empty sequence of values, then tail s is the sequence of values that is
obtained from s by discarding the first element and renumbering the remainder.



1.15. Front of a sequence

[X]
!:front :seq; X — seq X
‘ Vs:seq X o front s ={#s} <s

is obtained from s by discarding the last element.

_l If s is a non-empty sequence of values, then front s is the sequence of values that

1.16. Squashing

[X]
!:S(]UGS}LZ(Z—H%X)—)SGQX
’ Vf:Z-+w Xesquash f={p:fe#{i:domf|i<pl}—p2}

squash takes a finite function f : Z + X and renumbers its domain to produce a
finite sequence.

1.17. Extraction

function 45 rightassoc(_ 1 _)



[X]
’:_1_:]I”Z>< seq X — seq X
‘ Va:PZ; s:seqX @ als=squash(a < s)

The extraction of a set a of indices from a sequence is the sequence obtained from
the original by discarding any indices that are not in the set a, then renumbering
the remainder.

1.18. Filtering

function 40 leftassoc(_ | -)

[X]
!:_[_: seg X xXPX — seq X
‘ Vs:seqX; a:PX os|a=squash(s> a)

The filter of a sequence by a set a is the sequence obtained from the original
by discarding any members that are not in the set a, then renumbering the
remainder.

1.19. Prefix relation

relation(_ prefiz _)



[X]
!:_preﬁx_: seq X < seq X
‘ Vs, t:seq X @sprefict < s Ct

A sequence s is a prefix of another sequence t if it forms the front portion of ¢.

1.20. Suffix relation

relation(_ suffiz _)

[X]
!:_suﬂia;_: seq X « seq X
‘ Vs, t:seq X essuffict<< (Ju:seqX eu™ s=1)

A sequence s is a suffix of another sequence ¢ if it forms the end portion of .

1.21. Infix relation

relation(_infix )



[X]
!:_inﬁx_ s seq X > seq X

‘ Vs, t:seq X esinfixt < (Ju,v:seq X eu" s v=t)

A sequence s is an infix of another sequence ¢ if it forms a mid portion of .

1.22. Distributed concatenation

— [X]
™/ seqseq X — seq X

=/ =10

Vs:seqgX @ /(s)=s

Vg, r:seqgsegX /(¢ r)=("/q) " ("/7)

The distributed concatenation of a sequence ¢ of sequences of values of type X is
the sequence of values of type X that is obtained by concatenating the members

of ¢ in order.
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