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1. Numbers

section number_toolkit

1.1. Successor

function(succ _)

’ succ _: P(N x N)
‘ (succ ) =An:Nen+1

The successor of a natural number n is equal to n + 1.

1.2. Integers



‘ Z:PA

7 is the set of integers, that is, positive and negative whole numbers and zero.
The set Z is characterised by axioms for its additive structure given in the prelude
together with the next formal paragraph below.

Number systems that extend the integers may be specified as supersets of Z.
1.3. Addition of integers, arithmetic negation

function(-_)

- :P(AxA)
Ve,y:Ze3 z:Ze((z,y),2z) € (L+_)
Ve:Ze3 y:Ze(z,y) € ()

Vi, j,k:Ze
(i+)+k=i+(G+k)
Ni+j=7+1
ANi+-i=0
ANi+0=1

Z={z:A|dz:Nez=zVz=-z}

The binary addition operator (- + _) is defined in the prelude. The definition
here introduces additional properties for integers. The addition and negation



operations on integers are total functions that take integer values. The integers
form a commutative group under (_+ _) with - as the inverse operation and 0
as the identity element. NOTE If function_toolkit notation were exploited, the
negation operator could be defined as follows.

- A+ A

(ZXZ)<(-+_)€ELXL—ZL
7<1-€l—7
Vi,j,k:7Z e
G+ +k=i+(G+k)
ANi+j=j+i
Ni—+-12=0
ANi+0=1
Vh:PZe

Vi,j:hei+jehA-i€h)

1.4. Subtraction
function 30 leftassoc(_ — _)

’ _—_:P((AxA)xA)
Ve,y:Ze3 z:Ze((z,y),2)€(_—_)
Vi j:Zei—j=i+-j




Subtraction is a function whose domain includes all pairs of integers. For all
integers ¢ and 7, ¢ — j is equal to ¢ +-j. NOTE If function_toolkit notation were
exploited, the subtraction operator could be defined as follows.
‘ _—_A XA+ A
(ZXZ)<(-—_)€ELXL—Z
Vij:Zei—j=i+-j

1.5. Less-than-or-equal

relation(_ < _)

‘ _<_:PAXxA)
| Vij:Zei<jej—i€eN

For all integers 7 and j, + < 7 if and only if their difference j — ¢ is a natural
number.

1.6. Less-than

relation(_ < )



‘ _<_:P(AxA)
| VijiZei<jeitl<j

For all integers ¢ and j, 7« < j if and only if ¢+ +1 < j.

1.7. Greater-than-or-equal

relation(_ > )

‘ _>_:P(AxA)
| Vij:Zei>jej<i

For all integers ¢ and j, ¢« > j if and only if j < 4.

1.8. Greater-than
relation(_ > _)

‘ _>_:P(AxA)

| VijiZei>jej<i

For all integers ¢ and j, ¢« > 7 if and only if j < 3.



1.9. Strictly positive natural numbers
Ny =={z:N|-z=0}

The strictly positive natural numbers Ny are the natural numbers except zero.

1.10. Non-zero integers

Z1::{$Z|_\.’E:0}

The non-zero integers Z; are the integers except zero.

1.11. Multiplication of integers

function 40 leftassoc(_ * _)

_x_:P((AxA)xA)

Ve,y:Ze3, z:Ze((z,y),2) € (-*_)
Vi j k:Ze
(ixj)*k=1ix(jxk)
Nixj=7%1
Nix(j+k)=ixj+ixk
ANOx7=0
ANlxg=1




The binary multiplication operator (_*_) is defined for integers. The multiplica-
tion operation on integers is a total function and has integer values. Multiplica-
tion on integers is characterised by the unique operation under which the integers
become a commutative ring with identity element 1. NOTE If function_toolkit
notation were exploited, the multiplication operator could be defined as follows.

k(A XA)+ A

(ZxZ)<x(_*x_)ELXZLZ—TL
Vi j k:7e
(ixj)xk=1ix(jxk)
ANixj=7%1
Nix(j+k)=ixj+ixk
ANOx3=0
ANlxi=1

1.12. Division, modulus

function 40 leftassoc(_ div -)
function 40 leftassoc(_ mod _)



_div_,_mod_:P((AxA)xA)
Vo :Z; y:Zie3,z:Ze((z,y),2) € (—div_)
Vao:Z; y:Zie3,z:Ze((z,y),2) € (-mod_)
Vi:7Z;97:7,@

i=(idivj)*j+imodj

A0 <imodj<jVj<imodj<O0)

For all integers ¢ and non-zero integers j, the pair (i,7) is in the domain of _div_
and of _mod_, and 7 div j and i mod j have integer values.

When not zero, ¢ mod j has the same sign as j. This means that i div j is the
largest integer no greater than the rational number i/j. NOTE If function_toolkit
notation were exploited, the division and modulus operators could be defined as
follows.

_div_,_mod_:A XA -+ A

(ZXxZ)<(_div) EZLXZy— L
(Z xZy)<t(_mod ) €EZ X1y — Z
Vi:Z;97:7,@
i=(idivy)*j+imodj
AN(0<imodj<jVj<imodj<O0)
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