section seqlaws

/Reference manual/Extended toolkit

1. Laws about Sequences in The Mathematical
Tool-kit

section seqlaws parents seqdefs, numlaws, setlaws

This section may eventually contain general-purpose tactics, and does contain
laws, with (some of) their proofs, on the assumption that the definitions of se-
qdefs.z are present.

Written by Sam Valentine, last updated September 1999.

1.1. Laws

L134 ==

F? Va,b:R|la>bea..b=0
L135 ==

F? Va:Zea..a={a}



L136 ==

F? Va,b,ec,d:R|a<bAc<deb..cCa..d

domainOfHash ==
[X]F? dom# =F X

L151 ==

(XIF? VS, T FXe#(SUT)+H#(SNT)=#S +#T
L152 ==
(X]F? F, X ={S:FX|0<#S}

L205 ==
[[,X]F? Vs: I« X edom(items s) = rans

L206 ==

([, X]F? ¥s,t:1+ X e
items s = items t < (3f : dom s —» domt es=tof)



L154 ==

=? ¥, Z C dom min
L155 ==

=? F, Z C dom max

L156 ==

F? (PN) N (dom min) =P, N
L157 ==

F? (PN) N (dom maz) =F; N
L158 ==

F? VS, T : dom min e min(S U T) = min{min S, min T}
L159 ==

F? VS, T : dom maz ® maz(S U T) = maz{maz S, maz T}
L160 ==

F? VS, T:dommin|SCTeminS>minT



L161 ==

F? VS, T:dommaz | S C T emar S < max T
L162a ==

F? VYa,b:Z|a<bemin(a..b)=a
L162b ==

F? Va,b:Z|a<bemaz(a..b)=">

L163 ==

F? Ya,b,c,d:Ze(a..b)N(c..d)=max{a,c}.. min{b,d}

L164 ==

[ X]F? seq, X = seq X \ {()}
L199 ==

[X]F? VA:PX e disjoint(A)
L200 ==

[X]F? VA, B:PX e disjoint(A,B) & ANB =g



L201 ==

[X]F? VA, B,C:PX e
(A, B) partition C < ANB=@NAUB=C

L165 ==
[ X]E? Vs, t:seqX; u: sequenceX o (s ™ t) “u=s"(t" u)

L166 ==

[ X]FE? Vs : sequenceX o () " s=s
L167 ==
(X]F? Vs:seqg X @s™ () =s
L168 ==
[(X]E? Vs, t:seq X @ #(s ™ t) = #s+ #t

S0 ——
(X, Y] E? Vs : sequenceX; f: X — Y o fos € sequenceY
S1 ==
(X, Y]F? Vs:seq X; f: X — Y e#(fos)=#s



(X, Y]F? Vs : sequenceX; f: X — Y oeVi:domse (fos)i=f(s1i)

[Pamoetar |
| ==
! (X, VIF? Vf: X > Yefo()=()
= s
e | X, V]F? Yz : X: f: X — Y o fo () = (f()
Lo 5
(X, Y]F? Vs:seqX; t:sequenceX; f: X - Yefo(s™t)=(fos)  (fot)
S6 ==
[X]F? Vs : sequenceX e rans = {i: doms e s i}
S7 ==
[X]F? ran() = 9[X]
S8 ==

[(X]F? V2 : X e ran(z) = {z}



o ==

[X]F? Vs :seq X; t: sequenceX o ran(s ™ t) = (ran s) U (ran t)

L170 ==
[X]F? Vz:X erev(z) = (x)
L171 ==
[X]F? Vs, t:seq X erev(s ™ t)=(rev t) ™ (rev s)
L172 ==
[X]E? Vs :seq X o rev(rev s) = s
S10 ==
(X, Y]F? Vs:seqX; f: X — Y erev(fos)=fo(rev s)
S11 ==

[ X]E? Vs :seq X o ran(rev s) = ran s



L173 ==

[X]F? Yz : X e head(z) = last{z) =z

L174 ==
[X]F? V2 : X e tail{z) = front(z) = ()
L175a ==
[ X]F? Vs :seq, X; t: sequenceX o head(s ™ t) = head s
L175b ==
[ X]F? Vs :seq, X; t: sequenceX o tail(s ™ t) = (tail s) "t
L176a ==
[ X]F? Vs:seqX; t:seq, X o last(s ™ t) = last t
L176b ==
[(X]F? Vs:seqX; t:seq, X o front(s ™ t)=s" (front t)
L177 ==

[ X]F? Vs : sequence; X o (head s) ™ (tail s) = s



! Vs:seq, X o (front s) ™ (last s) = s

! Vs:seq, X ® head(rev s) = last s

! Vs :seq, X o tail(rev s) = rev(front s)

! Vs:seq, X o last(rev s) = head s

! Vs:seq, X o front(rev s) = rev(tail s)

PYU:PN; s:seqX |[s=()eUls={()



[(X]F? Vs:seqX; t:sequenceX; V :PXe(s"t)[V=_(s]V)"(t]V)

[ X]F? Vs :sequenceX; V :PXeransC Vs V=s

[ X]F? Vs : sequenceX o s [ @ = ()

[X]F? Vs : sequenceX e &1 s =)

[(X]F? Vs:seqX; V:PX e#(s[ V) < #s

[(X]F? Vs:seqX; V:PXe(revs)|[V=rev(s|V)

[(X]E? Vs :sequenceX; V. W :PXe(s[V)[W=s[(VNW)
S12 ==
(X, Y] F? Vs :sequenceX; f: X = Y; V:PYe(fos)[V=Ffo(s[f(V]))



[X]F? Vs : sequenceX; V :PX eran(s| V)= (rans)NV

[X]E? Vs, t: sequenceX o sprefict < s =doms|t

[X]F? Vs, t:seq X @ssuffict < s= (#t—F#s+1..#t)1t

[X]F? Vs,t:seq X @sinfixt < (In:1..#tes=(n..n+#s)]t)

[X]F? Vs, t: sequenceX o sinfixt < (Ju : seq X o s suffiz u A uprefix t)

[X]F? Vs, t: sequenceX o sinfixt < (v : seq X o s prefiz v A\ v suffiz t)

dsumlIsFunction ==

I]+? +/ €F(I xR) = R



dcatOldDefl ==
[X]F? Vs:seqseq X | s=() e /s=)
dcatOldDef2 ==
[X]F? Vs : sequenceX o 7 /(s) =s
dcatOldDef3 ==
[(X1FE? Vg, r:seqseq X @ ™/(q7 1) =("/q) " ("/7)

1G58 ==

[(X]FE? Vs, t:seq X @ /(s ty =5t
L194 ==

[X]F? Vg : seq(seq X) @ rev(™/ q) = /(rev(rev o q))
L195 ==

[(X]FE? Vq:seq(seqX); V:PX e

(/T V="/((As:seqX es|V)oq)
L196 ==

(X, YE?Vf: X < Y; q:seq(seqX) e

fo("/a)=""/((As:seq X o fos)oq)



L197 ==

[(X]F? Vq:seq(seq X) e
ran("/ q) = J{i : dom q @ ran(q i)} = J(ran(ran oq))

L137 ==

(X]F? YR: X & X e iter 0 R = id X
L138 ==

[X]F? VR: X < X eiter L R=R
L139 ==

[X]F? VR: X < X eiter 2 R= Ry R
L140 ==

[X]F? VR: X < X eiter(-1)R = R™
L141 ==

[(X]F? VE:N; R: X & X eiter(k+1)R = Rgiter k R=1iter k RgR
L1492 ==

[(X]F? Va:Z; R: X — X eiter a(R™) = (iter a R)™



L143 ==

[(X]F? Ya,b:N; R: X « X eiter(a+ b)R = iter a Rgiter b R
L144 ==

[(X]F? Ya,b:Z; R: X < X eiter(axb)R = iter b(iter a R)
L145 ==

[X]F? VR: X & X ¢ RT = J{k : N; e iter k R}

L146 ==
[X]F? VR: X < X e R* =|J{k : Neiter k R}
L147 ==

[X]F? Va:Z; R,S: X — X |RgS=SgReiter a(RgS)=iter a Rgiter a S
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